ABSTRACT This paper presents an observer-based fuzzy controller for one-dimensional parabolic partial differential equations with distributed bounded disturbance using discrete point measurements. Sufficient conditions are derived to guarantee the input-to-state stability of the closed-loop system in terms of linear matrix inequalities. A numerical simulation example is given to demonstrate the efficiency of the results.
I. INTRODUCTION
In real industrial processes, there are many phenomena varying over time and space that can be modeled by distributed parameter systems (DPSs) governed by partial differential equations (PDEs). Due to the nature of the process, different forms of PDEs describe different types of DPSs. For instance, as a parabolic PDE, heat equation is a model which describes a variety of physical and biological phenomena, while Kuramoto-Sivashinsky equation (KSE) describes a variety of physical and chemical phenomena including magnetized plasmas, flame front propagation, viscous flow problems and chemical reaction-diffusion processes. Stabilization of KSE (see [1] ), heat equation (see [2] - [6] , [7] ) and ODE-Heat equation (see [8] - [10] ) has attracted considerable attention in research communities. Distributed control of parabolic equation was considered in [11] - [13] .
In the past decades, Takagi-Sugeno (T-S) fuzzy systems have attracted a lot of attention since T-S model can approximate a wide class of nonlinear systems or even describe a certain class of nonlinear systems exactly [14] - [17] . Fuzzy control of finite-dimensional systems have been extensively studied (see [15] - [22] ). To the best of our knowledge, there are few papers studying this topic in the infinite dimensional case via T-S fuzzy model based method (see [23] - [26] ). In [23] , a systematic approach was proposed to decrease the conservativeness of the stability conditions for a class of semi-linear hyperbolic PDEs. In [24] , exponential stabilization of a class semi-linear parabolic PDEs was studied via T-S fuzzy model-based control technique. In [25] , an observer-based H ∞ sampled-data fuzzy control problem was addressed for a class of nonlinear parabolic PDE systems. In [26] , a distributed fuzzy control design based on Proportional-spatial Derivative was suggested for the exponential stabilization of a class of nonlinear parabolic PDEs. It should be noticed that effects of disturbance were not studied in [23] - [26] . For practical implementation of controllers for parabolic PDEs, it is important to ensure their ISS with respect to bounded disturbance.
In recent years, a considerable amount of attention has been paid to stabilization of PDEs systems subject to disturbances. A stabilizing controller was designed for vibrating system with uncertainty by the Lyapunov functional approach in [27] and [28] . In [29] , ISS of the wave equation with a boundary disturbance was studied. However, the problem of fuzzy controller design for perturbed parabolic PDEs systems by using distributed in-domain point actuation and measurements, is far from being complete, and this problem is rather challenging. The present paper aims at contributing to the study of the observer-based fuzzy control law in the framework of PDEs via T-S fuzzy model based approach and Lypunov-Krasovskii method. Sufficient LMI-based ISS conditions of the closed-loop system are derived in the framework of time-delay approach by employing appropriate Lyapunov functionals and using a generalized Halanay inequality [30] . Our result can be extended to the case of time-varying input delay. Similar to [11] and [12] , LMI-based ISS conditions for a perturbed parabolic PDEs with timevarying delay can be derived.
The structure of the paper is as follows. In Section II, the problem statement is presented and useful lemmas are introduced. In Section III, we first construct a T-S fuzzy PDE model to describe the dynamic behavior for the nonlinear parabolic PDE systems. Then an observer-based fuzzy controller under point actuation and measurements is constructed to stabilize the system subject to unknown bounded disturbance. LMI conditions for ISS in the framework of time-delay approach and Lyapunov method are derived based on the generalized Halanay's inequality. Section IV contains a numerical example to illustrate the main results. The last section draws some conclusion and perspectives.
Notation: Throughout the paper, R n denotes the n-dimensional Euclidean space with the norm |·|. For a matrix M ∈ R n×n , M > 0 means that M is symmetric and positive definite. The transposition of a vector or a matrix is denoted b) ; R n ) stands for the Hilbert space of square integrable vector functions
K is the class of strictly increasing, continuous functions γ : R + → R + with γ (0) = 0. K ∞ is the class of strictly increasing, continuous functions γ : R + → R + with γ (0) = 0 and lim s→∞ γ (s) = +∞. KL denotes the class of functions σ : R + × R + → R + with the following properties: (a) for every s ≥ 0, the mapping t → σ (s, t) is non-increasing with lim t→+∞ σ (s, t) = 0, (b) for every t ≥ 0, the mapping s → σ (s, t) is of class K.
II. PRELIMINARIES AND PROBLEM FORMULATION A. PRELIMINARIES
The following definitions and lemmas will be used in the proofs of the main results.
Lemma 1 (Vector-Valued Wirtinger's Inequality and Its Generalization [31] 
Lemma 2 (Vector-Valued Jensen's Inequality [32] ): Let f ∈ L 2 n (a, b) be a vector function. Then for any matrix 0 ≤ S ∈ R n×n , the following inequality holds: bounded continuous function satisfying |d(t)| ≤ d . If there exist 0 < δ 1 < δ 0 and γ > 0 such that for all t ≥ t 0 the following inequality holdṡ
where ε = δ 0 − δ 1 > 0, and α 0 is a unique solution of
B. SYSTEM DESCRIPTION
We consider the following 1-D parabolic equation subject to internal disturbance:
where y (x, t) [y 1 (x, t) y 2 (x, t) · · · y n (x, t)] T ∈ R n is the state of the system, y 0 (x) is a sufficiently smooth function of x representing the initial condition, δ(x) is the Dirac delta function, d(t) is a distributed uncertain disturbance source term and u j (t) is the input. The term f (y(x, t)) describes nonlinear function, which is sufficiently smooth in y(x, t) and satisfies f (0) = 0 .
Let the points 0 Fig. 1 . Let
be sampling time instants. The sampling intervals in time and in space may be variable but bounded,
where h > 0 and > 0 are upper bounds.
We assume that M + 1 sensors provide discrete point measurements of the state y(x j , t k ), wherex j =
The disturbance is supposed to be uncertain but bounded: |d(t)| ≤ d , where d > 0 is a given constant upper bound.
C. WELL-POSEDNESS
Now we study the well-posedness of (1). We introduce the Hilbert space H = L 2 n (0, 1), and define an unbounded linear operator A : D(A) ⊂ H → H as follows:
A is a linear, closed, self-adjoint operator (i.e. A * = A and D(A * ) = D(A)) on H . A straightforward computation gives the eigenvalues of A as follows:
And the corresponding eigenfunctions are given by 
. Note that X norm is equivalent to the inherent norm · H 1 n of Sobolev space H 1 n (0, 1). We define the spaces X −1 and H −1 as the dual spaces of X and H 1 respectively, with respect to the pivot space H . Then we have H 1 ⊂ X ⊂ H ⊂ X −1 ⊂ H −1 , densely and with continuous embedding. All relevant material on fractional operator degrees can be found in [34] (see p.81-83).
Define the operator B j as B j δ(x −x j ). With the operator A and B j at hand, the system (1) can be written as an evolution equation:
A simple computation shows that B * j (I − A) −1 is bounded on H . Moreover, there exists a constant C T > 0 depending on
.
Hence, B * j is admissible for the C 0 -semigroup e At [34, Th. 4 
.4.3, p.127]. The following is thus obtained:
Lemma 4 For any T > 0, assume that the initial value y 0 ∈ D(A) and u j (t) ∈ H 1 ((0, T ); R n ). Then, there exists a unique solution to the system (3) from the class
III. MAIN RESULTS
We will first construct a T-S fuzzy PDE model via the sector nonlinearity method. Then we will suggest an observer to estimate state and employ the fuzzy law to the estimated system. Sufficient ISS conditions of the closed-loop system in terms of LMIs will be established.
A. T-S FUZZY PDE MODELING
By arguments of [24] and [26] , we construct the following T-S fuzzy PDE model by using the sector nonlinearity method [35] :
where µ pq , p ∈ S {1, 2, · · · , r}, q ∈ {1, 2, · · · , l} are fuzzy sets, A p ∈ R n×n , p ∈ S are known matrices and r = 2 l is the number of IF-THEN fuzzy rules. The premise variables φ q (x, t) (q = 1, 2, · · · , l) are assumed to be functions of y(x, t). Then, the overall dynamics of system (4) can be expressed as
where
Here µ pq (φ q (x, t)) is the grade of the membership of φ q (x, t) in µ pq for p ∈ S. We assume that
µ pq (φ q (x, t)) > 0 for all x ∈ (0, 1) and , t) ), p ∈ S have the following property: [35] . In this case, the behavior of the resulting overall fuzzy model (5) is the same as that VOLUME 7, 2019 of the original PDE system (1), i.e., there is no approximation error when using the fuzzy model (5) to replace the original PDE system (1) .
Remark 1 It is worth mentioning that the above exact T-S fuzzy model construction can be obtained by using the local sector nonlinearity approach in

B. OBSERVER
Based on the T-S fuzzy PDE model (5), we construct an observer to estimate the value of the state. Observer Rule i:
whereŷ(x, t) ∈ R n is the estimated state, L i ∈ R n×n (i ∈ S) are the observer gain matrices to be determined.φ q (x, t)(q = 1, 2, · · · l) are the premise variables ofŷ(x, t).
As in [11] , here the shape functions are given by
Then, the overall fuzzy observer is expressed as
where h i (φ(x, t)), i ∈ S have the following property:
It should be noticed that the membership functions of the observer depend on the estimated state variables instead of those of the plant. The objective of this study is to design a fuzzy controller based on the fuzzy observer (9) under distributed in-domain point actuation such that the corresponding closed-loop of the PDE system (1) is ISS in the presence of disturbance. Quantitative conditions that guarantee the ISS of the closedloop system are important for practical implementation of observer-based fuzzy controller.
C. CONTROLLER
To stabilize the system (9), we introduce the following fuzzy control law: Controller Rule i:
where K i ∈ R n×n (i ∈ S) are control gain matrices to be determined. Then, the final fuzzy controller can be expressed as
Letȳ(x, t) =ŷ(x, t)−y(x, t) be the estimation error. It is easy to see thatȳ(x, t) is governed by
The closed-loop system (9), (12) corresponding to controller (11) becomes
D. ISS STABILIZATION
Definition 1 Consider the system (1) under the observerbased fuzzy controller (11), whereŷ is governed by (13). The closed-loop system is said to be ISS in L 2 n -norm w.r.t. the disturbance d(t), if there exist functions µ ∈ KL and γ ∈ K such that for any t ≥ 0, the solution of the closed-loop system satisfies y(·, t) L
|d(s)|). Construct the following Lyapunov functional:
x (x, t)P 2ȳx (x, t)dx
andV
Now we are in a position to formulate the sufficient ISS conditions for the system (13) in terms of LMIs: Theorem 1 Consider the system (13) . For given positive scalars , h, δ, δ 1 satisfying δ 1 < δ < 1 and tuning parameter 0 < β < 1, assume that there exist positive definite matrices P ν ∈ R n×n (ν = 1, 2, 3), W i ,Ŵ i ∈ R n×n , i ∈ S and a positive scalar γ such that the following LMIs hold: 
Then, the system (13) is ISS in the sense that the solutions of the system satisfy
where ε = δ − δ 1 , and α 0 is a unique solution of
Moreover, the observer gain matrices are given by
and the control gain matrices are given by
Proof: We will use 3 Steps to derive sufficient ISS conditions for the system (13) in terms of LMIs such thaṫ
holds.
Step 1: Differentiating V along (13), for t ∈ [t k , t k+1 ) we havė
Denote
Here, we understand lim
(26)
Then Jensen's inequality leads to
We apply the descriptor method by adding toV + 2δV the left-hand sides of the following equation:
This avoids substitution ofȳ t from (13) into the right-hand side of (25) . Integration by parts and substitution of the boundary conditionsȳ(0, t) =ȳ x (1, t) = 0 yields
Adding (28) intoV (t) + 2δV (t) and using (27) , (29), (30), we obtaiṅ
Using Wirtinger's inequality, we obtain
Adding (34) into (31) and using (32), the generalized Halanay's inequality, we havė
Step 2: DifferentiatingV along (13), for t ∈ [t k , t k+1 ) we obtaiṅ
Integrating by parts and substituting of the boundary conditions yields
Substituting (38) to (37), we obtaiṅ
Denote ρ j (x, t) ŷ(x, t)−ŷ(x j , t). Then using the Wirtinger's inequality, we have
From (40) and (41), for any 0 < β < 1 we obtain
Set (26), (42) into (39) VOLUME 7, 2019 leads tȯ
and˜ 11 ,˜ 12 ,˜ 22 are given by (20) .
Step 3: We continue to find sufficient LMI conditions to guarantee (24) .
Denote (35) into (43), from (14) we havė
where 2 and 3 are given by (18) , (19) respectively. From (45) and (48), it follows that if the LMIs conditions (17)- (19) are satisfied, then (24) holds. Hence,
where ε = δ −δ 1 and α 0 = δ −δ 1 e 2α 0 h > 0, which completes the proof. Corollary 1 Consider the system (1) under the observerbased fuzzy controller (11) , whereŷ is governed by (13) . If the conditions of Theorem 1 hold, then for the initial function y(·, 0) ∈ X , a unique solution exists and satisfies
Hence, if the LMIs conditions of Theorem 1 hold, then [11] and [12] , LMI-based ISS conditions for a perturbed parabolic PDEs with time-varying delay can be derived.
Remark 2 The presented results can be extended to the case of time-varying input delay. Similar to
IV. NUMERICAL EXAMPLE
Consider 1-D parabolic PDE (1) with the disturbance d(t) = 0.25 and the nonlinearity f (y(x, t)) = 1.5 sin(y(x, t)). 
Plant Rule 2:
where ω 0.01/π . The overall fuzzy PDE system can be rewritten as where A 1 = 1.5, A 2 = 1.5ω, and the fuzzy membership functions are chosen as
y(x, t) = 0 1 y(x, t) = 0 h 2 (y(x, t)) = 1 − h 1 (y(x, t) ).
For the observer-based fuzzy control law (11) governed by (13) , by using Yalmip we verify LMI conditions of Theorem 1 with h = 0.15, δ = 0.5, δ 1 = 0.25, β = 0.3, and we obtain the closed-loop system preserves ISS till ≤ 0. show that the closed-loop system is ISS (see Fig. 3 ).
V. CONCLUSION
In this work, we suggested an observer-based fuzzy controller for 1-D parabolic PDE system with unknown disturbance under point measurements. This allowed to achieve the ISS of the closed-loop system under the point in-domain controller that employs the point values of the observer. A numerical example illustrated the efficiency of the proposed design method. One of the directions for the future research may be extension of the obtained results to the coupled PDEs system and delayed PDEs system. 
